Introduction
Let F q be a Galois field with q = p s elements of characteristic p and F * q be a multiplicative group of F q . The problem of irreducibility of polynomials and determining the reducibility of a given polynomial stems from both mathematical theory and applications. The reducibility of a polynomial often appears in number theory, combinatorics, and algebraic geometries. The study of irreducible polynomials is an old but currently still active subject. One of the methods for constructing irreducible polynomials is the composition method. Probably the most powerful result in this area is the following theorem of Cohen. [1] ) Let f (x), g(x) ∈ F q [x] , and P (x) ∈ F q [x] be an irreducible polynomial of degree n.
Theorem 1.1 (Cohen

Then F (x) = g(x)
n P
) is irreducible over F q if and only if f (x) − αg(x) is irreducible over F q n for some root α ∈ F q n of P (x).
The trace and norm functions of F q n over F q are T r q n |q (α) =
It is clear that the trace function is a linear functional from F q n to F q . Also for a polynomial f (x) over F q of degree n its reciprocal polynomial is f * (x) = x n f ( 
Theorem 1.2 (M. Kyuregyan and G. Kyureguan [2]) A monic polynomial
, where
Indeed by using this theorem, they provide a short proof for Cohen's Theorem. The following proposition will be used in the next section.
Proposition 1 (Lidl and Niederreiter [3] Theorem 2.26). Let K be a finite field. Let F be a finite extension of K and E a finite extension of F . Then
In this paper we always assume that P (x) is monic. For this matter we define
In the present paper we consider the factorization of some composition polynomials when assumptions on Cohen's Theorem fail. Furthermore, we obtain explicit families of irreducible polynomials of degree np over F q from a given irreducible polynomial of degree n over F q .
Reducibility of composite polynomials of the form
Let P (x) be an irreducible polynomial of degree n over F q . Then P (x) can be represented in F q n by
for α ∈ F q n , some root of P (x). Suppose that ax q − bx + c and dx q − rx + h are relatively prime polynomials in F q [x] with a or d being non-zero. Set
where
For this problem we will consider two separate cases.
In this subsection we assume in (2.1) that A = r d = 1 , and consider F (x) as follows:
Let γ be a root of h(x), namely h(γ) = 0 or γ q = γ + B . Then we obtain
In view of (2.2), suppose that T r q n |q (B) = 0. Then γ as a root of h(x) is in F q n and further the roots of h(x)
One can show that λ
Hence we obtain
where m λ k (x) is the minimal polynomial of λ k ∈ F q n of degree n over F q . So we obtain the following theorem.
is decomposed as a product of q irreducible polynomial of degree n over F q .
Proof
We only need to compute T r q n |q (B), where B = δ1α−δ0 1−α . For this purpose we have
This completes the proof. 2
is not in F q n and thus
Then γ ∈ F q np and therefore conjugates of γ over F q n are γ, γ
Therefore the minimal polynomial of γ ∈ F q np over F q n of degree p is as follows:
On the other hand, an irreducible factor of h(
is of the form
Now let θ be a root of (2.3) in some extension field of F q n . Then we obtain
Summing (2.4) yields
On the other hand, we have h(θ) = 0, or θ q − θ = B . Thus
By Theorem 3.50 in [3] , equation
The same reasoning shows that for every u = 1, 2, . . . , n − 1, we have
Then
Since for every constant i, s (u) i (x), u = 0, 1, . . . , n − 1 are irreducible polynomials of degree p over F q n and β i is a proper element in F q n , then by Theorem (1.2) k i (x) is an irreducible polynomial of degree np over F q .
Then we obtain the following theorem.
Theorem 2.2 Let
is decomposed as a product of q p irreducible polynomial of degree np over F q .
In a special case if we set
where P (x) is an irreducible polynomial of degree n over F q then we obtain
Let γ be some root of h(x) . Then
If we assume in (2.5) that T r q n |p (B) = 0, then γ ∈ F q n and in this case
are the roots of h(x) . Hence,
and
Finally we derive
where m λ k (x) is the minimal polynomial of λ k ∈ F q n of degree n over F q . This implies the following corollary.
Suppose that T r q|p
is decomposed as a product of p irreducible polynomials of degree n over F q .
Proof By the above discussions it is sufficient to compute T r q n |p (B) , where
But by Proposition 1, we have
P (1) ) .
Thus, the proof is complete. 2
is an irreducible polynomial of degree np over F q . This yields the following corollary.
Corollary 2 Let
is an irreducible polynomial of degree np over F q .
Reducibility of composite polynomials of the form
) .
In this subsection we suppose that in (2.1) A = r d ̸ = 1 and consider F (x) as follows:
Let ord(δ 2 ) = t and also gcd(n, q − 1) = 1. Set
and claim that h(x) has exactly one root in F q n and other roots of h(x) are in F q nt .
Since gcd(h(x), h ′ (x)) = 1, then h(x) has no multiple roots. Let α 1 , α 2 , ..., α q be its roots in an extension of F q n . It is clear that for each 1
implies that roots of g(x) are of degree t over F q . Now we show that γ 1 , γ 2 , ..., γ q are pair-wise distinct. On the contrary, suppose that we have 1
Moreover, α i and α j are roots of h(x) and so α i − α j is a root of g(x) ; it follows that α i − α j ∈ F q t . But gcd(n, t) = 1 so we get α i − α j ∈ F q , which yields δ 2 = 1 , and this result is not true. So are roots of h(x), so that λ ∈ F q n , γ j ∈ F q t and gcd(n, t) = 1 . It implies λ + γ j ∈ F q nt and thus w j (x) as the minimal polynomial of λ + γ j over F q n is of degree t. Then we can write
One can show that for every u = 1, 2, . . . , n − 1,
where s j (x) is an irreducible polynomial of degree nt over F q and m λ (x) is the minimal polynomial of λ ∈ F q n over F q . This proves the validity of the following theorem.
is an irreducible polynomial of degree n over F q and gcd(n, q − 1) = 1 . Then the composite polynomial
factors as a product of one irreducible polynomial of degree n and
irreducible polynomial of degree nt over
In a special case we set
By Corollary (3.6) of [4] , h(x) is an irreducible polynomial over 
We formulate this result as follows. Now suppose that (2.8) failed. So by [3] , h(x) in (2.7) splits in F q n as follows:
where λ i ∈ F q n . It can be shown that
So by (2.6) and the above relation we obtain
where m λi (x) is the minimal polynomial of λ i ∈ F q n over F q of degree n . Thus the proof is complete. 2
